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p-Strongly Convex Function

A function f : C — R is p-strongly convex if C C R" is a
convex set and there exists a constant o > 0 such that

fox+(1=a)y) < af(x) + (1 - a)f(y)

~ pa(l— o)

Uy vreyec )

Compared with convex, the inequality holds even if a norm
term is subtracted. Thus we can understand how strong the
convexity is.

Note that every norm appears in this slide is Euclidean norm.
Besides, please carefully distinguish the math symbol used is
a scalar or a vector according to context.



L-Smooth Function

A function f : C — R is L-smooth (a.k.a has Lipschitz
continuous gradients) if there exists L > 0 such that

IVf(x) =V < Llly — x|, Vx,y € C. (2)

Informally, smooth is an alias of continuously differentiable.
L-smooth function’s gradient is controlled by a constant L
from the upper bound.

An L-smooth (continuously differentiable) function is not
necessarily to be convex, and vice versa.



L-Smooth Function (Cont’d)

For L-smooth function f we have

F(7) = ()~ (V<) y = x| < Slly = x> ¥y e € 3)

The result can be obtained with Taylor expansion. It indicates
that the gap between smooth function f and its linear
approximation is upper bounded by the change of x. The result
indicates that smooth functions are good to be linearized.
Their linearization is easy to compute, and the deviation is not
too large.

If f is both L-smooth and convex, we have: Vx, y € C,

F) 2 £x) + (Vf ),y = 3+ - IVF) = VA @

It indicates that, when f is differentiable and convex, we can
use the change of the gradient to bound the linearization gap
from the lower side.



Convex, Strongly Convex, and Smooth
A convex function is lower bounded by its own tangent at all
points. Strongly convex and smooth functions are,
respectively, lower and upper bounded in the rate at which
they may grow, by quadratic functions and cannot, again
respectively, grow too slowly or too fast.
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In each figure, the shaded area describes regions the function
curve is permitted to pass through. We can find that L-smooth
functions should not be too smooth because its change of
gradient is controlled from the upper bound :-).



Subgradient of Convex Functions

A vector g is a subgradient of a convex function f at x € Cif

f(y) > f(x) +{g,y—x),VyeC. (5)

Of (x) is the collection of all the g’s at x. We can find that, the
linearization of f at x with the subgradient g is always smaller
than f (the straight line is below the curve f).
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In this figure, g; is the subgradient at x;. g, and g; are the
subgradients at x,.



Subgradient of Convex Functions (Cont’d)

For convex f, its subgradient exists at every interior point of
its domain.

We only care about the subgradient of convex functions. It’s
useful especially f is continuous but not differentiable. If
convex f is differentiable, then Jf(x) is a singleton and the
only element in it is equal to Vf(x). (For example, in the
figure above, g, = Vf(x;).)

Actually, subgradient is an extension of gradient to
non-differentiable functions.



Subgradient of p-Strongly Convex Functions

For u-strongly convex f we have

FO) 2 £+ (g y—x) + Sy =" Vg € f (x). (6)

It indicates that, the gap between f and its linearization with
g is at least the norm term £{|y — x||*>. We can imagine how
strong the convexity is. We further have

) = f(x) = Ll x| vx e € )
The result is obvious because 0 € Of (x*) (the critical point).

It’s interesting to compare (6) with (4). (4) holds when f is
smooth and convex while (6) holds when f is strongly convex.
The minimum gap between f and its linearization is thus
controlled by different terms.



Gradient of u-Strongly Convex Functions

If the p-strongly convex f is differentiable, we have

Flx) = f(x) < inwwn%w ec ®)

It indicates that the gap between any value of f and the
minimum is upper bounded by the gradient of f at that point.

We also have

(Vf(x) = V(). x = y)
I = yl?

> u,Vx,y € C. 9)

It indicates that, to be p-strongly convex, at any point, the
change of gradient is at least (.



Monotonicity of Subgradient
If a single-valued mapping f satisfies
(x = y,f(x) = f(y)) =2 0,Vx, y € domf,

then we say f is a monotone function. The subgradient of a
convex function f is monotone, i.e.,

<x_y7gx_gy>207vx7yec7 (10)

where g, € 0f(x), g, € Of (). This inequality will be
frequently used when analyzing the convergence of ADMMs.
It will be useful when building the structure

lobj(x"*") = 0bj(x") || < allobj(x*) — obj(x")].
When f is p-strongly convex, we have
(x—y.8 — &) = plx—yl* . vx,y € C, (1)

where g, € 0f(x), g, € Of (). This result is similar to (9) for
gradient of u-strongly convex functions.



Bregman Distance of Convex Functions

If a convex function ¢ is differentiable, then the associated
Bregman distance is

Dy(y, x) := ¢(y) — ¢(x) — (Vo(x), y — x). (12)
If a convex function ¢ is not differentiable, then
D:;;(yu x) = (b(y) - (b(X') - <V, y—= x>7 (13)
where v € Jf (x).



Bregman Distance of Convex Functions (Cont’d)

The Bregman distance is actually the gap between a convex
function f and its linearization:

Y

dy(xy)
Y = p(X)

qﬂ(y) +{Vp,x —y)

y x X

Thus, when ¢ is p-strongly convex, similar to (6), we have

W
Dy(y, %) = Ly -« (149)



Closed and Bounded

f is a closed function if its epigraph

epif := {(x, ) [ t > f(x)} (15)

is a closed set. Note that a set S is called closed if Vx € S, its
limit lim,_,, y is also in S. We care about closed functions
because the limit operator is well defined on them.

Not Closed Closed

rergeen o .
Open .

A set S is called compact if it is both bounded and closed.



Conjugate Function and its Properties

The conjugate function of f is

fr(u) = sup ((z,u) — f(2)). (16)

z€domf

f*’s domainis {u | f*(u) < co}.

In the following, we show briefly that f* is always a convex
function whatever f is or not. Note that

Vz € domf, h(u, z) == (z,u) — f(z)

is a convex function of u, thus epih(-, z) is a convex set. Besides,
f*(u) := SUD,c goms h(u, 2) satisfies that

ePlf* = ﬁZ'E(zlomfepih(W Z)? (17)

which is also a convex set. Therefore, f*(u) is convex.



Conjugate Function and its Properties (Cont’d)

By definition we also have

f)+ () = (%, y), 9%, y. (18)

It is called the Fenchel-Young Inequality. Thus we have the
relation between the biconjugate and the original function —

frx)= s (Go0y) =) (19)
< s ((n)+ £ - (x9) =f0. @)

When f is closed and convex, we have f**(x) = f(x). The
proof can be found at here.

More properties:
» If f is closed and convex, then y € 0f(x) < x € 9f*(y).
» If f is L-smooth on domf, then f* is L™ !-strongly convex
on domf™. Vice Versa.


https://hliangzhao.cn/articles/000001629984611fe88983f3f384b52a30ccf02d74a67ca000

Understand Conjugate Physically

From the definition of conjugate function, we want to know,
at any legal point x, the maximum of y"x — f(x). Suppose
x(y) is the extremum w.r.t. y, then we must have

nyTx = va(x)a

i.e., y = f(x(y)). It means the slope of the line y’x is equal to
the slope of the curve f at point x(y). Thus, we can move the
crossing-zero straight line y"x up and down until we find
several points at which the straight line tangents to f.



Understand Conjugate Physically (Cont’d)
From the figure below, we can find that, when y = y,, for the
two extremes x(,)’ and x(y,)", x(3,)" is what we want
because the gap between x(y,)'Ty and f(x(y,)’) is larger.

At any y, we can understand the gap in this way. Then we can
find that, the conjugate function encodes the convex hull of
epif in terms of its supporting hyperplanes. Actually, this also
explains the weak duality (the red curve is always under f),
which will be introduced later.



Lagrangian Function

The vanilla ADMM is suitable for the problems with a linear
equality constraint. They can be written in the form of:

P miRnf(x), s.t. Ax=b, g(x) <0, (21)
xeR"

where A € R™" and g(x) := [g1(x), ..., g»(x)]". We divide
g(x) <0into gjez,(x) < 0and gi,ez,(x) <0, where Z; C [p]
and Z, C [p| are the set of indices of linear and nonlinear
inequality constraints. The feasible set is denoted by C.

The Lagrangian function is
L(x,u,v) = f(x) + (u, Ax = b) + (v, g(x)),  (22)

where v € R? > 0 and u are called the Lagrangian multipliers.



The Dual Function and The Dual Problem

Note f is a function of x. Correspondingly, the dual function

d(u,v) = melg L(x,u,v) (23)

is a function of the Lagrangian multipliers (u, v), where
domd := {(u,v) | v>0,d(u, v) > —oo}. Obviously we have

(Ax* - bag(X*)) € ad(ua V), (24)
where x* € argmin . L(x, u, v).

The dual function d is always concave whatever f is convex or
not. The reason is that, L(x, u, v) is affine in u and v, and by
definition d(u, v) is the pointwise infimum of a set of affine
functions.



The Dual Problem

We define the dual problem as:

d . 25
o max (u,v) (25)

The primal problem and its dual problem are nicely connected
by the Lagrangian function. Specifically, we can find that the
primal and the dual optimal values, f* and d*, always satisfy

fr>d. (26)

This is called the weak duality.



Proof Sketch of the Weak Duality

In the following, we give a simple proof of the weak duality.

We consider a problem with inequality constraints:
mxin f(x)
s.t. gi(x) <0,i€[m].
Our target is to find the optimal (maximal) lower bound of f.
Firstly, for any v € R, how to make it be a lower bound of f?

Actually, if the following equation system on x has no solution,
then we can say v is a lower bound of f:

{ flx) < v 27)

gi(x) <0,i€[m



Proof Sketch of the Weak Duality (Cont’d)

If (27) has a solution, then, for any \ > 0, the following
equation of x

X))+ > Aigilx (28)

i€ [m]

has a solution. According to the equivalence of contrapositives,
we have: For any X\ > 0, if (28) has no solution, then (27) has no
solution. On the other hand, (28) has no solution for any given
A > 0 iff the following inequality holds for any given \ > 0:

rmnf )+ Z Aigi(x) > v. (29)

i€[m]



Proof Sketch of the Weak Duality (Cont’d)

Combing the above results, we have: If (29) holds for any given
A >0, then v is a lower bound of f. Note that we want to find
the maximal lower bound of f, i.e.

L(x,\)
V= max (m;n []r‘(x) + Z )\igi(xﬂ ) (30)
B i€[m]

d()\)::mnx L(x,\)

As a infimum of f, we have v = min,~ f(x*). Therefore, we
have:

min f(x*) > max d(\"). (31)



Strong Duality

Strong duality holds if and only if the duality gap is equal to 0,
ie.,

fr=d. (32)
For the primal Py, if there exists an xy € C such that

AXO = b7 {gil (XO) S O}ilezm {giz (XO) < 0}i2€Iz7 (33)

then we say the Slater’s condition holds.

When the Slater’s condition holds, the strong duality holds.



KKT Point and KKT Condition

(x, u,v) is called a Karush-Kuhn-Tucker (KKT) point of P; if
1. Stationary: 0 € Of (x) + ATu+ >_F_ v0gi(x).
2. Primal feasibility: Ax = b, g;(x) < 0,Vi € [p].
3. Complementary slackness: v,g;(x) = 0,Vi € [p].
4. Dual feasibility: v; > 0,Vi € [p].

The above conditions are called the KKT condition of P;.

They are the optimality condition of P; when
1. f(x) and gi(x), i € [p] are convex, and
2. P, satisfies the Slater’s condition.



KKT Point and KKT Condition (Cont’d)

When f(x) and gi(x), i € [p] in P, are all convex, then

1. every KKT point (x*, u*, v*) is a saddle point of the
Lagrangian function, i.e.,

L(x*, u,v) < L(x",u",v") < L(x,u",v"), (34)
Vx € C, (u,v) € domd,

and

2. (x*, u*, v*) is a pair of the primal and the dual solutions
with zero dual gap iff it satisfies the KKT condition.



Danskin’s Theorem

Danskin’s Theorem

Let Z be a compact subset of R™, and let ¢ : R" x Z — R be
continuous and such that ¢(-, z) : R" — R is convex for each
z € Z. Define f : R" — R by f(x) = max,cz ¢(x, z) and

Z(x) = {z] ¢(x,2) = maxé(x, 2) }. (35)
f(x) is differentiable at x if Z(x) is a singleton. If §(-, z) is
differentiable for all z € Z and V ,¢(x, -) is continuous on Z for
each x, thenVx € R",

Of (x) = conv{V,¢(x,2) | z € Z(x)}. (36)

Danskin’s Theorem will be used when we calculate the
(sub)gradient of the dual problem — d(\) = min, L(A, x).



Hoffman’s Bound

Consider the non-empty polyhedron
X ={x| Ax = a,Bx < b}. (37)

Then there exists a constant 6, depending only on [AT, BT]7,

such that for any x we have

2

dist(x, X)? < 62<\|Ax —a| + ||[Bx — b]+H2> (38)

where [-] . means the projection to the non-negative orthant,
i.e., [[|+ = max{-,0}.



Functions Used in Nonconvex Analysis

Proper Function

A function g : R" — (—o0, +00] is said to be proper if
dom g # &, where dom g = {x € R" | g(x) < +00}.
We only consider proper functions.

Coercive Function

f is called coercive if lim|y| 00 f(x) — 00.

A coercive function is a function that “grows rapidly” at the
extremes of the space on which it is defined.

Lower Semicontinuous Function

A function g : R" — (—o0, +0o0] is said to be lower
semicontinuous at point x, if liminf, ., g(x) > g(x).

A function is called lower semicontinuous if the function is
lower semicontinuous at every point of its domain.



More about Semi-Continuity

Semi-continuity is a property of extended real-valued
functions that is weaker than continuity.

An extended real-valued function f is upper (respectively,
lower) semicontinuous at a point x; if, roughly speaking, the
function values for arguments near x, are not much higher
(respectively, lower) than f(x).

Xo Xo

@ (b)

In the figures above, the curve in (a) is lower semicontinuous
while the curve in (b) is upper semicontinuous. Lower
semicontinuous will be required for nonconvex analysis.



Subdifferential and its Properties

Subdifferential
Let f be a proper and lower semicontinuous function.
1. For a given x € dom f, the Fréchet subdifferential of f at x,

written as Of (x), is the set of all vectors u € R", which
satisfies

A P

2. The limiting subdifferential, or simply the subdifferential, of
f at x € R", written as Of (x), is defined through the
following closure process:

f (x) = {u e R" [Fx — x, f(xx) — f(x),
we € Of () — u, k — co}.  (40)



Subdifferential and its Properties (Cont’d)

Some properties of subdifferential:

1. In the nonconvex context, Fermat’s rule remains
unchanged: If x € R" is a local minimizer of g, then
0 € 0g(x).

2. Let (xi, u) be a sequence such that x, — x, ux — u,
g(x) = g(x), and w € Og(xx), then u € dg(x).

3. If f is a continuously differentiable function, then

O(f + 8)(x) = Vf(x) + 9g(x). (41)



Measurement of Convergence Rate

For a sequence {x*} that converges to x*,

o I =)

L 42
koo ||xk — x*|| (42)

must satisfy C < 1. The reason is intuitive. Since xk = x*,
there must exist infinitely many indices such that
[l — x| /] = x| < 1.

Obviously, the smaller C is, the faster the convergence speed.
Specifically,
1. If C = 1, we say {x*} is sublinear convergent (e.g., {1}
and {});
2. 1f C € (0, 1), we say {x*} is linear convergent (e.g., {5t });
3. If C = 0, we say {x*} is superlinear convergent (e.g.,

{7 D).



Measurement of Convergence Rate

For a superlinear convergent sequence {x*}, if 3p > 1 such
that

=C, (43)

and C' is a constant, then we say {x*} converges with order p.

Actually, linear convergence is fast enough, and we can find
that the sequence’s curve decreases exponentially. Thus we
also call linear convergence exponential convergence.
Correspondingly, the curve of sublinearly-convergent
sequences decreases polynomially, thus we also call sublinear
convergence polynomial convergence.



Measurement of Convergence Rate

Many optimization algorithms cannot achieve linear
convergence. Thus, we need a more precise way to measure
sublinear convergence. For example, if some algorithm A
satisfies

Ix* = x*|1*

£y - ol < B2 (44

then we say: With A, {f(x*)}« converges to f* with the speed
O(3), where 1 is the gap between f* and the optimum. If k is
doubled, i.e., the iteration number is doubled, then the gap
shrinks to half.



Measurement of Convergence Rate

Another way to represent the convergence speed is O(2). If
we want to limit the gap to ¢, i.e., ||f(xF) — f*]| < [ES z_fHZ <,
then k > 12 th*Hz = O(1/e). In other words, if we want to
reduce the gap in half, we need to double the iteration
number.

With these representations, O(1/k?), i.e., O(1/+/€) gap, is
much faster than O(1/k), although both of them are
sublinear.

Similarly, we have
» For linear convergence: O(vy~¥), or O(log é),

> For quadratic convergence (p = 2): O(y~2), or
O(loglog?t).



Laplacian Matrix

Denote a graph as G = (V,E), where V and & are the node
and the edge sets, respectively. e; = (i, j) € £ indicates that
nodes i and j are connected. Define V; = {j € V| (i,j) € £}
to be the neighborhood of node i, i.e., the index set of the
nodes that are connected to node i. The Laplacian matrix L of
the graph is defined as

L=< —1 ifi#jand(i,j) €€, (45)
0 otherwise.

L has the following properties:
1. L > 0;
2. rank(L) = n — ¢, where c is the number of connected
components in the graph, and the eigenvector associated
to0is1,.
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Linearly Constrained Convex Problem

We firstly consider the following linearly constrained convex
problem:

P, :minf(x), st Ax=Db, (46)

where f is (i) proper, (ii) closed and (iii) convex. We only care
about proper and closed function. Thus the two adjectives will
be omitted for simplification.

With the preliminaries mentioned in the previous section, for
P, we have the following conclusions:
» Strong duality holds.
» Obtained by Danskin’s Theorem —
d(\) := —f*(—=ATX) — (A, b) is differentiable when f is
strictly convex and in this case YA, Vd(\) = Ax — b,
where X is the minimizer of L(x, A).



Dual Descent

Based on the above analysis, we can have the following
iterations to solve P;:

X" = argmin L(x, \¥) (47)

M= 2\F L a (AXET — b), (48)
where (47) is to solve a subproblem on x with the newest \;

(48) is a (sub)gradient ascent to update \. « is the stepsize at
iteration k.

This algorithm is called Dual Descent.



Augmented Lagrangian Method

Note that (48) is a gradient ascent, rather than subgradient
ascent, only when f is strictly convex. However, this greatly
limits the application of Dual Descent because subgradient
ascent is much slower.

Nevertheless, we can use the augmented Lagrangian function
to remedy this:

Ls(x, A) := f(x) + (N, Ax — b) + §|Ax — b, (49)

The corresponding dual function is dz(\) = min, Lg(x, \).



Augmented Lagrangian Method

Because the optimal solution of x* satisfies that Ax* = b, thus
we have dg(\*) < f(x*). Moreover, for any A we have
d(X) < dg(N). Since d(\*) = f(x*), we can conclude that

d(X") = dp(X") = f(x"). (50)
In other words, the augmented term does not change the
solution. However, using the augmented Lagrangian function

brings great benefits: For ds(\) to be differentiable we only
require f to be convex, not strictly convex.

The augmented Lagrangian Method (a.k.a. Method of
Multipliers) has the following iterations:

X" = argmin Lg(x, AF) (51)

M= 2k B(AX*T — b), (52)
where the stepsize in (52) is fixed as [3.



Augmented Lagrangian Method

The augmented Lagrangian method can also be derived from
the dual problem. Recall that the dual problem is
min,, f*(—ATA) + (), b). We use the Proximal Point Method
to solve it:
A1 = argmin (f*(—AT)\) F OB+ 7\| A K2 ) (53)
A
The optimality condition is
1
0€ —AOf (= ATNT) bt S(NF =0 (59)
(54) means that there exists
e of* (— ATAMY) (55)

suchthat 0 = —Ax*' + b+ 1 ()\k+1 A¥), which leads to (52).



Augmented Lagrangian Method

On the other hand, with the properties of the conjugate of a
convex function and (55), we have

_AT)\k-H c af(xk-i-l)’ (56)
which means

0 € Of(x*1) + ATAF!
= Of (x") + AT(\* + B(AX*T — b)). (57)
(57) leads to (51).
Note that we have used two pages to derive the iterations of

the augmented Lagrangian method based on the Proximal
Point method on the dual problem.



Alternating Direction Method of Multipliers

Consider a speicial case of P,, named as P,, which has a
separable structure:

P, : minf(x) + g(y), s.t. Ax+By=b. (58)
Xy

The augmented Lagrangian function is

Ls(x,y,A) = f(x) + g(y) + (Ax + by — b, \)

+§||Ax+By— b||°. (59)

With the augmented Lagrangian method, we need to solve
one subproblem as follows.

(x"*1, y7*1) = argmin Lg(x, y, ). (60)
Y



Alternating Direction Method of Multipliers

Sometimes, it is much simpler when we solve P, for x and y
separately, which motivates the ADMM [appeared in 1970s].
Different from the augmented Lagrangian method, ADMM
updates x and y in an alternating (or called sequential)

fashion:
X" = argmin Ls(x, y*, \F) (61)
Yy = argmin Ls(x"", y, AF) (62)
y
ANFE = \F 4 B(AX"! 4 By — b). (63)

We call it ADMM. ADMM is superior to the augmented
Lagrangian method when the x and y subproblems can be
more efficiently solved.

ey
Dual Descent  add aug. term  Method of Multipliers

Method of Multipliers separate primal vars. ADMM



Convergence of ADMM

ADMM is guaranteed to converge when the objective is
convex.

Theorem 11-1 (Existence of Convergence)

Suppose that f(x) and g(y) are convex. When using ADMM to
solve P,, we have

SO = () + g = g(y) — 0, (64)
AXMT 4 by — b0, (65)

when k — 0.



Sublinear Convergence Rate of ADMM

The following result was firstly proved in 2015.

Theorem 11-2 (Sublinear Non-Ergodic Convergence Rate)

Suppose that f(x) and g(y) are convex. When using ADMM to
solve P;, we have

C
— || KT <Y = () + g — g(v)
< 42—
“K+1 K+1 B(K+1)
(66)

where C = L[|\° — \*[|* + §||By* — By"||*.



Sublinear Convergence Rate of ADMM
The following result was firstly proved in 2012.

Theorem 11-3 (Sublinear Ergodic Convergence Rate)

Suppose that f(x) and g(y) are convex. When using ADMM to

solve P,, we have

FEH) = f(x") + (") — g(v)]
. C 2/
—2(K+1) B(K+1)
2y/C
VB(K +1)

||A5€K+1 +Bj/K+1 . b“ S

where

(67)

(68)

(69)



Linear Convergence Rate of ADMM

The following result was firstly proved in 2016. To achieve
linear convergence rate, more requirements need to be
satisfied.

Theorem 11-4 (Linear Convergence Rate with Assumption #1)

Suppose that f(x) is convex and g(y) is i-strongly convex and
L-smooth. Assume that VA, | BPA|| > || \||, where ¢ > 0. This

means B should be fully rank. Let 5 = ;ﬂﬁ. When using
ADMM to solve P,, we have

1 a2 B ‘
%HA"“ — NP+ S 1By = By

1 jpoN1/1 k *(2 o} k -
< (1422 ) (k= a2 + 2yByr — By |?).
—< +2\/Z||B||> (25” I+ 1By y”)

(70)



Linear Convergence Rate of ADMM

If the error bound condition is satisfied, even though g is not
strongly convex and smooth, linear convergence rate can still
be achieved. We firstly introduce what is error bound
condition. For P,, we define

of (x) + ATA
¢(x,y,A) == | Og(y) + B'A | . (71)
Ax+By—1b
Correspondingly,
¢~ (s) = {(x, 3, A) | s € o(x, 3, \)} (72)
Obviously, (x*, y*, A*) is a KKT point iff 0 € ¢(x*, y*, \*).



Linear Convergence Rate of ADMM

Recall that the distance between a vector and a set/space is
defined as

dist(x,S) := min ||x — y||. (73)
yeS

The distance relative to a matrix is defined as

disty(x,S) = miﬂ [x = yllu
ye

= min+/(x — y)TH(x — y). (74)
yeES



Linear Convergence Rate of ADMM

Definition I1-1 (Error Bound Condition)

The set-value mapping ¢(w) satisfies the (global) error bound
condition, if there exists a constant k > 0 such that, V'w,

disty(w, ¢ 1(0)) < kdist(0, p(w)), (75)
where
0 0 0
H:=|0 BB'B 0 |. (76)
0 0 I

The LHS of (75) is the matrix-relevant distance between any
solution w = (x, y, A) and the KKT point set. The RHS is the
distance between optimal (sub)gradient (i.e., 0) at the critical
point and the (sub)gradients at w.



Linear Convergence Rate of ADMM

The following result was firstly proved in 2018.

Theorem I1-5 (Linear Convergence Rate with Assumption #2)

Suppose that f(x) and g(y) are convex and ¢(w) satisfies the
error bound condition (75). When using ADMM to solve P,, we
have

dist?; ((x*1, Y1 M), 971(0))
1 Tl ik Ry 41
< |1+ EATATE T %) disty; ((x*, y*, A%),077°(0)).  (77)




Bregman ADMM

Note that in ADMM, (61) and (62) are time-consuming. We
can use linearization technique to make the subproblems
compuatationally efficient:

1 = argmin (Lﬂ(x, Y56+ Dy (x, xk)> (78)
Y = argmin (Lo .09 + Du(y99) (9
y

AL = AF 4 B(AXM 4+ By T — b). (80)

The above algorithm is called Bregman ADMM. Wherein, Dy
and Dy are Bregman distance w.r.t. ¢ and ¥, respectively.

Bregman ADMM appeared at 2002, and it was in-depth
studied in 2011 ~ 2015.



Sublinear Convergence Rate of Bregman ADMM
Bregman ADMM is easily computable with linearization, but
with the cost of more computation times / iterations. Even
though, it can still achieve sublinear convergence rate without
any additional requirements.

Theorem I1-6 (Sublinear Convergence Rate)

Suppose that f(x) and g(y) are convex. When using Bregman
ADMM to solve P, we have

FE) + (5 = f(x7) — g(v")]
. D 2vDx]
~“2(K+1) VB(K+1)

< K+1 K+l 2vD
A 4 BYEF — p|| < KT

1 and X1 are defined in (69), and D is a constant relative to
the element-wise gap between (x°,y°, \°) and (x*, y*, \*).

(81)

(82)



LADMM-1

When we set different ¢ and ¥, different ADMMs can be
obtained. If we set

60 = W e Djar—wlt 89
B 2
v) = B0y e Dimy w9

uy, Uy, vy, and v, are constants. Then (78) reduces to

X1 — argmin (f£(x) + g(*) + (A, Ax + By* — b)

X

v A(Zax e my o) + 24 ) e



LADMM-1

Then (79) reduces to (cont’d)

Yt = argmin (£(x1) + g(y) + (", A¥*1 + By — b)
y

2
v A(Zae oy — o) + DBy ). es)

while (80) keeps unchanged.



LADMM-1

In (85), ( |Ax 4+ By* — b|]2> is the linear approximation of
5)|Ax + By* — b||? at x*. It has the form:

g”Axk—i-By by|2+5<AT(Ax —|—By b),x—xk)J. (87)

h&‘) (Vh(xk) x—xk)

In (86), ( |Ax**1 4+ By — b|]2> is the linear approximation
of ’§||Ax’“rl + By — b||? at y*. It has the form:

7 A By — b 4 BBT(AR By — )y~ 9
88)

This variant of Bregman ADMM,, i.e., (85), (86), and (80), is
called LADMM-1.



LADMM-2

Obviously, LADMM-1 is good to use when the proximal
mappings of f and g, i.e., argmin, (f(x) + %Hx — xF||?)
and argmin,, (g(y) + %BHZH)/ — y¥||?) are easily to compute.
When the proximal terms are not easily computable (note that

we still require them to be convex), but f and g are Lg-smooth
and L,-smooth, respectively, we may choose

L All?

o) = A e e e - p) e9)
L B||?

vy == = Dy -l st o0)

Note that f and g are subtracted. It means they are also
approximated.



LADMM-2

Specifically, with (89) and (90), we have
X! = argmin (g(yk) + (A, Ax + By* — b)

+ A(f(x) + g]Ax—i— By* — sz)

Lr + B A2
+ f 6” || ||x_xk||2)’

5 (1)

where A(f(x) + 2||Ax + By* — b||) is the linear
approximation of f(x) + 2||Ax + By* — b||. It has the form:

S+ (VF(x"), x — x¥)
+ gHAxk + By* — b||* + B(AT(Ax* + ByF — b, x — x)).



LADMM-2
With (89) and (90), we further have (cont’d)

y*! = argmin (f(xk+1) + (AF, Ax** + By — b)
y

+ A(g0) + 2l + By — o)
+ T ),
where A(g(y) + 2||Ax**! + By — b||?) is the linear
approximation of g(y) + 2||Ax**! 4+ By — b||2. It has the form:
g() +(Ve(y"),y = »)
DA By b BT (A 4 By b),y— ).

(92)

This variant of Bregman ADMM,; i.e., (91), (92), and (80), is
called LADMM-2.



Linear Convergence Rate of Bregman ADMM

If we add more requirements on convexity, linear convergence
rate of Bregman ADMM can be achieved. Specifically,
1. If f is generally convex, but g is 1i,-strongly convex
and L,-smooth, then we linearize the second subproblem
and the augmented term, i.e., ¢ = 0.
2. If fis pip-strongly convex, and g is y,-strongly convex
and L,-smooth, then we linearize both subproblems and
the augmented term (as what LADMM-2 does).

For the above two scenarios, linear convergence rate can be
achieved by Bregman ADMM.



Comparison Between ADMM and LADMMs

Linear complexity comparisons between ADMM and two
variants of linearized ADMM, for solving P;:

METHOD ‘ RATE ‘ LINEARIZATION
ADMM O(, /2Bl pg 1) None
g O €
LADMM-1 | O(( i—i ”i”z + ”fL'Z) log i) On aug.
LADMM-2 (’)((”ﬂ'g + fﬁ) log 1) On f, g and aug.

Note that all the three complexities in this table are linear
(with smooth and strongly convex assumptions). However,
LADMMs is slower than ADMM. We have explained this —
Linearized ADMM is easily computable with linearization, but
with the cost of more computation times / iterations.



Nesterov’s Acceleration Techniques

Still for Py, if f or g is smooth, or they have a smooth part,
then we can use Nesterov’s acceleration techniques to
accelerate the LADMMs [proposed in 2015, SIAM].

We firstly consider the following assumption.

Assumption I1-1
InP;, both f and g are convex and g is Lg-smooth.

In this case, we can linearize g at the auxiliary variable v¥ in
the y update step.



Acc-LADMM-1

Specifically we have:

xk'H = argmin Lﬁ(x, yk, )\k), (Same as (6])) (93)
v = Bk + (1 — 63, 64)
¥ — argmin (f(xk+1) 4 (K, AxF 4 By — b)

y
8
+ A (g() + (S l1ax* + By - )
L.0x + 53| BJ|*
o O PIBE ey, (95)

where A;(g(y)) := g(v*) + (Vg(vF), y — v} is the
linearization approximation at v<; A, (2 || Ax**! + By — b||?) is
the linear approximation at y*, which is the same as (88).



Acc-LADMM-1

Specifically we have (cont’d):

= 0 4+ (1 — 0,)%F, (96)

P =0+ (1= 007 (97)

A= 2+ B(AX*! + By — b).  (unchanged)  (98)
(93) ~ (98) are called Acc-LADMM-1. It linearizes g at the

auxiliary variable v in the y update step while keeping the
calculate of x unchanged.



Compare Acc-LADMM-1 with LADMM-2

It’s interesting to compare (95) with (92). The main difference
is that, in AcccLADMM-1, the linearization of g is taken at the
auxiliary variable v, rather than y¥, which is introduced by
the Nesterov’s acceleration techniques.

Although not easy, but we can prove that Acc-LADMM-1 is
still sublinear convergent: O(% + %) Acc-LADMM-1 is faster
than LADMM-2, and it does not require f to be smooth.



Acc-LADMM-2

If both f and g are smooth, or both of them have a smooth
part, we can linearize both of them [proposed in 2019]. Firstly,
we formalize our assumption:

Assumption 11-2
InP}, both f and g are convex and they have composite
structures:

fx) =A(x) +£(x), &) =&) +&(01), 99

where both f, and g, are L-smooth.
We give the following new iterations:

ub = x4 5 (k- X, (100)

V=Y (Y =y, (101)
Ok—1



Acc-LADMM-2

We give the following new iterations (cont’d):

X1 = argmin (g(vk) + (\¥, Ax + BvF — b)

+ (3 + A(f(x) + “— b))
L+ 2| Al
+ 9;” ” Hx_ uk||2>’ (102)

where

A(U)+ JglAx+ B = BIF) = )+ (V) x —

%]\Au + BvE — b||* + 6<AT(Au + BvF — b), x — u*).

(103)



Acc-LADMM-2

We give the following new iterations (cont’d):

y* = argmin (f(uk+1) + (A%, Au*T + By — b)
y

6]
+ &i(y) + A2() + 5514w+ + By — bl
k

AL

|y — 7). (104)

where
B k+1 2) __ k
A(g0) + 55146 + By bP) = ga()

+ (Vg (vF), y — vF) + %HAukJrl + Bv* — b||?
k

+ QE(BT(AukJrl + Bv* — b), y — vF). (105)
k



Acc-LADMM-2

We give the following new iterations (cont’d):
AL = \F 4 87 (Ax*T + ByM! — b), (106)

where (7 is the stepsize. We call (100), (101), (102), (104), and
(106) Acc-LADMM-2. Obviously, when Vk, 0y =1and 7 =1,
Acc-LADMM-2 reduces to non-accelerated LADMMs.

With the smooth requirements defined in Assumption 1l1-2,
Acc-LADMM-2 converges faster than Acc-LADMM-1. But its
convergence rate is still sublinear.



Acc-LADMM-3

Recall that Acc-LADMM-1 works under Assumption I1-1,
which requires f and g to be convex and g to be L,-smooth.
Wherein, (95) is the acceleration of (92). If we further assume
that g is /1,-strongly convex, then (95) can be further

accelerated.

Specifically, we have

= 0yF 4+ (1 - 0)9* (107)

y
X = argmin (f(x) + (A, Ax + By* — b)

+—||Ax+B kb > (108)



Acc-LADMM-3

We further have (cont’d):

y**! = argmin ((Vg(+}), ) + (A", By)
y

+ B0(B"(Ax""" + By" — b), y)

+1(()+ )H 1 <0 kL k)
2\« Y %4— (1y v

2). (109)

From (109) we can find that, g(y) is linearly approximated at
vk while %HAx + Byk — b||? is approximated at y*.

For the proximal term, we wants y to approach the weighted
average of y* and vk, where their weights are g and /i,
respectively.



Acc-LADMM-3

We further have (cont’d):

= 9xF (1 — 0)%F, (110)
=0y (1= 0)5, (111)
ARFL = \F 4 B0 (AxFT! 4 ByFt! — b). (112)

This method, (107) ~ (112), is called Acc-LADMM-3, which
was proposed in 2020.

Remember that Acc-LADMM-3 works fine under the
assumption that, f is convex, and g is L,-smooth and
pLg-strongly convex.



Comparison of Complexities

For solving P,, LADMM-2 is slower than the vanilla ADMM,
but, as we have analyzed, it is more easily computable.
Acc-LADMM-3 is both easily computable and fast, although is
has strong convexity requirement on g.

METHOD ‘ RATE
ADMM O(y /=18 10g 1)

LADMM-2 | O((I2E + %) 1og 1)
Acc-LADMM-3 | O(y /=18 1og 1)

Note that all the three complexities in this table are linear.
However, Acc-LADMM-3 is able to overcome the slow
convergence of LADMM-2, which is the same fast as ADMM.



Conclusion

Time to make a conclusion.

In the pages till now, we try to solve a linearly constrained
problem P,, located at (58).

» We firstly proposed a Dual Descent method, for P,, which
updates the primal and dual variables alternatively.
However, it works fine only when f is strictly convex. To
remove this restrict we propose the augmented Lagrangian
method, which adds an augmented term to the
Lagrangian function to make its curve upward swinging.

» Further, based on the augmented Lagrangian method, if
the objective of P, is separatable, i.e., in the shape of P,
then we can update the primal variables x and y
alternatively. This is ADMM.



Conclusion (Cont’d)

» For ADMM, to achieve a sublinear convergence rate, f
and g are required to be convex. This is the basic
requirement for ADMM to convergent. Nevertheless, if
more requirements can be met, for example,

1. gis further p-strongly convex and L-smooth, or
2. the erorr bound condition (75) is satisfied,

then linear convergence rate can be achieved.

» ADMM is criticized for its time-consuming computation
on subproblems (61) and (62). To speed up the
computation, linearization is introduced. This is Bregman
ADMM, which is easily computable because part of the
augmented Lagrangian function is linearized. However,
its speed up is at the cost of more computation iterations.
The reason behind is intuitive: Minimizing the
linearization of the objective cannot completely replace the
objective after all.



Conclusion (Cont’d)

» If the objective is smooth, Bregman ADMM works more
efficiently. This is intuitive, because smooth functions can
be better approximated by their linearizations. We
introduce two different variant of Bregman ADMM,
LADMM-1 and LADMM-2. They linearize different parts
of the augmented Lagrangian function.

» For Bregman ADMM, with general assumptions, such as
the objective is convex and smooth, sublinear
convergence rate can be achieved. If strong convexity
satisfies, linear convergence can be achieved.



Conclusion (Cont’d)

» Another goodness of smooth is that, the update of primal
variables can be accelerated with Nesterov’s acceleration
techniques. Combing this technique with linearization,
we have Acc-LADMM-1, Acc-LADMM-2, and
Acc-LADMM-3.

» Acc-LADMM-1 accelerates the calculation of y* by
introducing the auxiliary variable v*. Acc-LADMM-2

accelerates both the calculation of x* and y*. Thus
Acc-LADMM-2 is faster than Acc-LADMM-1.

» If gis further strong convex, the calculation of y* can be
further accelerated. This is want Acc-LADMM-3 does.
Correspondingly, AcccALDMM-3 is linear convergent.



Multi-Block Problems

P, is a two-block problem, where the objective can be
separated into two disjoint functions, f(x) and g(y). Now we
consider the multi-block version, Ps.

m

Py : min fx)=> fix), st > Ax=b (113)
Yitie[m) i=1

i=1

Wherein Vi € [m], x; € R% A; € R™% and b € R". We define
x=[xI, . xI|T e REL 4 and A = [A,, ..., A,] € R*EL 4,

Correspondingly, P; can be represented as

Ps:minf(x), st Ax=Db. (114)



ADMM for Multi-Block Problems
The vanilla ADMM can solve P;. We name it MB-ADMM:

Vi€ [m] in turn :

X = argmin Ly (% o X X0 X0y, - x5, AF), (115)
Xi
ML= \F o B(AXFT — D), (116)
= % i€ [m]. (117)
where

Lg(x,A) = f(x) + (X, Ax — b) + gHAx — bl (118)

x¥ is introduced for the following algorithms. In MB-ADMM,
Vk, x* = x*. Unfortunately, it is proved that ADMM-MB
might not converge. Thus, we need to devise new technique
that at least guarantee the convergence.



ADMM-GBS

Although not easy, but based on the optimality condition of
primal update, i.e.,

0 € DLy ({5 Y umr om0 I b A), (119)
and the monotone of subgradient, i.e., (10), we have
FEH) = fx) + (7, AR~ b)
< o (I = X = e = ) — e =
— Bx* — x)TM(X* — x*). (120)

Actually, this intermediate result is frequently used in
ADMMS’ convergence analysis.



ADMM-GBS

In (120),
ATA; o
ATA, ATA,
M= : :
ATA, ATA,

is a lower triangular matrix, and

ATA, 0

0 AlA,
H e — . .
0 0

is a diagonal matrix.

ATA,

m

AT A,

m

(121)

(122)



ADMM-GBS

To build a convergence analysis, we hope that the RHS of
(120) has the shape

1 * *
25 (I = 2P = Xt =)

B ) )
(I = = I =), a2
If we let
= x4 D(ET — xF), (124)

which works as correcting x**! from the predicted x**1,
and bring it into (123), we have

D'GD=H, GD=M. (125)



ADMM-GBS

Assume that all A;’s are full column rank, then M and H are
invertible. Combing (120), (124), and (125), we have

= X MTTH (G — &), (126)

Note that the matrix-vector multiplication in (126) can be
calculated efficiently by Gaussian back substitution.

In this case, the iterations (115), (116), and (126), which are
designed to solve Ps, are called ADMM-GBS [2012, SIAM].
ADMM-GBS is able to achieve O(1/K) convergence rate.



ADMM-PC

Is ADMM-GBS simple enough? Yes, but it is
computation-intensive. The reason is that in every iteration,
by (126), we have to solve m linear systems. Pay attention to
(115), actually, to solve it, we only need A;x;, rather than x;. In
other words, we don’t need to compute x; explicitly.

Denote
I 0
I I
L=1]. .
I I
Then

0 A 0 0
0 0 A, 0

, P= . (127)
0 : 0
I 0 0 A,

M = P'LP, H=PTP. (128)



ADMM-PC

Similarly, we hope that the RHS of (120) has the shape
(I = X = = )
g
+ O (1eet el — [P —pe), (129)
If we let
Px*tt = px* + D/(PX*T — Px"), (130)

then we have

D=L"T G =LL" (131)



ADMM-PC
In this case, (130) is equal to

Apx A X Ayxk — AT
AZ k+1 A2~k+1+A3x3 A3 k-‘rl
: _ .32
A, 1xk+1 A, 1)~Ck+1 —|—Amx — A% k+1
Amxk-H AmJNCk-H

In other words, we can obtain A;x’™ directly without solving
linear systems.

This looks good. Remember that at the final iteration K, we
need to recover xX from xX back:

K __ 4—1 ~K K—1 K .
X, = Ai (Aixl- +Ai+1xi+1 — Al+1xl+1) 1< m,

1
xK = ATTAXK, i=m,

which requires all A;’s are full column rank.



ADMM-PC
Based on this, we present ADMM-PC [proposed in 2021]. In
the following formulas, &; is used to replace A;x;.

Vi€ [m] in turn :

5cf+1 = argmlnL( k“, ,ifﬁl,xl, lk+1,..., ,’;, /\k), (133)
)\k-H )\k+6( Tk+1 b), (]34)
g = ¢F 4 LT(PRM — €9, Vi€ [m], (135)

where Li(%y, ..., %i_1, x,-,f,-ﬂ, ...,£m, A) is defined as

fo] + filx;) + /\ZAJCJ+Axl+Z£]—b)

j=i+1

—\|ZAx,+Axl+Z§,—b||2 (136)

j=i+1

and ¢ = (&7, ...,fm) )



Drawbacks of Prediction-Corrections

ADMM-PC also has a O(1/K) convergence rate but compared
with ADMM-GBS, the coefficient is smaller.

ADMM-GBS and ADMM-PC have the following drawbacks:

1. They need to maintain two groups of variables, the
predicted and the corrected, thus increasing the memory
cost (at least doubled)

2. Neither x¥ (ADMM-GBS) nor £¥ (ADMM-PC) could be
sparse or low-rank, even for sparse or low-rank problems.
Thus the memory consumption can be more



LADMM-PS

If we could remove the memory-intensive
prediction-correction procedures and update all x;’s
parallelly, then the convergence can be speed up. To do this,
let’s put our focus back to the linearization techniques.

Based on the Bregman ADMM (78) or (79), for P5, when we set

B B
¢(x) = E||x||i - E||Ax||2, (137)
The update of primal variables are:
%1 = argmin (f(x) + (\F Ax — b) + B(AT(Ax — b), x — xF)

e ), (138)

which coincides with (85) of LADMM-1.



LADMM-PS

Note that in (138), L = diag(Ll,,, ..., LIy, ), and the Bregman
distance is meaningful only when ¢ is convex. Because

B < By
o) = 23ty IS Al
i=1 i=1
m 6 m
> xl (Lily)x — Emz [ Aixi]|*
i=1 i=1
m ﬁ m
> inT(LiIdi)xi - Emz A ||
i=1 i=1

- g 121: xiT(Li - m”Ain)Idixh (139)

Thus, to guarantee the convexity of ¢, we should let

L; > m||Aj||*, Vi € [m]. (140)



LADMM-PS

Thus, with L satisfying (140), (138) is separable for each x;:

X! = argmin (ﬁ(xl) + (A5, Aix) + B(AT (AX* — b), x;)

Xi

L.
+T||xi_xz‘k”2)7 (141)

which can be solved in parallel for each i € [m]. The update of
the dual variables is not changed:

M= \F 4 B(AXRT — b). (142)

We call (141) and (142) LADMM-PS (Linearized ADMM with
Parallel Splitting) [2013, 2015]. The same as LADMM-1,
LADMM-PS can achieve sublinear and linear convergence rate
under certain conditions.



LADMM-SPU

LADMM-PS to P; is similar to Method of Multipliers to P;.
However, as we have analyzed, ADMM is faster than Method
of Multipliers, i.e., the alternating update of primal variables is
faster than update the primal variables in parallel. This
inspires us to combine the alternating update and
LADMM-PS for multi-block problems.

Specifically, we can divide the m blocks in P; into two
partitions:

/ /
1,...mand m +1,....,m,

and then update the two partitions in serial, while updating
the blocks in the same partition in parallel. This method is
called LADMM-SPU (Linearized ADMM with the Serial and
the Parallel Update Orders) [TPAMI, 2018].



LADMM-SPU
LADMM-SPU has the following iterations:
xF! = argmin (f(x,) + (\F Ax) + B(AT(Ax* — b), x;)

Xi

/ A, 2
6“ || || xl-kHz)7Vi c [1’ ml] in parallel,

xF! = argmin (ﬁ(x]) + (\F Ax)

Xj

+p AT<ZAtxk+1 + Z AxF — b),xj>

t=m'+1
(m— m)B| A"
2

(B Jc}-"llz),vj € [m' + 1, m] in parallel.

In above formulas, L; is set as m’||A;||* while L; is set as
(m — m')||A;||>. LADMM-SPU is also a variant of Bregman
ADMM. But it runs faster than LADMM-PS.



Conclusion
Time to make a conclusion.

So far, we have discussed several algorithms for solving the
multi-block problem Ps, defined in (113).

» The vanilla ADMM, i.e., MB-ADMM, is not guaranteed to
converge. To make the ADMM-like procedure converges,
we try to find suitable D and G such that

FE) = f(x) + (A7 AZ = b)
ﬁ(H)‘k )\*Hz . H/\kJrl . )\*HZ)

+5 (prk = P — [P - P )

Then we get ADMM-GBS.



Conclusion (Cont’d)

» ADMM-GBS is criticized for its intensive computation
—— It needs to solve m linear systems in every single
iteration. When m is large, it could be very slow.
Fortunately, we can replace A;x; by &; and remove the
matrix-vector multiplication. Then the computation can
be greatly reduced. This is ADMM-PC.

» ADMM-PC is still not good enough. Actually,

ADMM-GBS and ADMM-PC have the following
drawbacks:

1. They need to maintain two groups of variables, the predicted
and the corrected, thus increasing the memory cost (at least
doubled)

2. Neither x¥ (ADMM-GBS) nor £ (ADMM-PC) could be sparse or
low-rank, even for sparse or low-rank problems. Thus the
memory consumption can be more



Conclusion (Cont’d)

» Thus, we have LADMM-PS, which removes the
memory-intensive prediction-correction procedures and
update all x;’s in parallel.

» LADMM-PS to Ps is similar to Method of Multipliers to
P,. However, as we have analyzed, ADMM is faster than
Method of Multipliers, i.e., the alternating update of
primal variables is faster than update the primal variables
in parallel. This inspires us to combine the alternating
update and LADMM-PS in multi-block problems.

» Then we get LADMM-SPU. It devides the m x;’s into two
partitions. Each partition is updated in serial while the
variables in the same partition are updated in parallel.



Conclusion (Cont’d)

So far, we have discussed several ADMMs for determinisitc
linear convex problems. The problem must

1. has a (several) linear constraint (constraints), and
2. does not allowed to have nonlinear constraints
(inequality constraints).
3. Further, the objective must be convex.
These conditions must be met for the convergence of ADMMs.

If strongly convex or smooth can be met, linear convergence
could be achieved.

It’s interesting to mention that, all the ADMMs we introduced
so far can be derived from the perspective of Variational

Inequality. More information can be found from Sec. 3.6 of
the ADMM book.


https://link.springer.com/book/10.1007/978-981-16-9840-8

Outline

11 ADMM for Nonlinear Convex Optimization
ADMM-NC and ADMM-GNC



Nonlinear Convex Problems

Now we consider the following problem P,, which has two
separable blocks and nonlinear constraints.

Pz minf(x) +g(y)
s.t. hy(x) <0

po(y) <0
Ax+ By = b.

ho(x) and py(y) are scalars, i.e., hy(x) € R, py(y) € R. In Py,
we require f, g, hy, and p, to be convex. By introducing
h(x) = max{0, hy(x)} and p(y) = max{0, py(y)}, we can have
the following problem instead:
Pi: minf(x) +g(y)
s.t. h(x)=0, p(y)=0, Ax+ By=b.



ADMM-NC

Obviously, P; is solvable by ADMMs. The augmented
Lagrangian function is

LPthﬁ(xv VsV T, >‘)
= F(x) + () + 7h(x) + D (0 + mg() + £ p(0)

+(\,Ax+ By — b) + §||Ax+By — b|*. (143)



ADMM-NC

Correspondingly, we have the following iterations:

k1 . kK k _k vk
x " =argmin L, ,, 5(x, y", ", 7, AY),
X

k+1 _ k-+1

y - argmin Lphpz,ﬂ(x » Vs ’Yk7 Tk7 >\k)7
y

Y = A 4 prh(x),
P =K (),
)\k—i-l — Ak +5(Axk+l +Byk+1 . b)

We call (144) ~ (148) ADMM-NC (ADMM for Nonlinear

(144)
(145)

(146)
(147)
(148)

Convex problems). Obviously, every convergence result for

ADMM is suitable for ADMM-NC.

Any other ADMMs proposed in Sec. Il can solve P, (P;). We

will not list them here.



General Nonliner Convex Problems

We extend P, to the general nonlinear case:

Ps : mln flx Zf (149)
st h(x) < o,vze [m], (150)
Ax = b. (151)

Vi € [m], h;(x) are scalars. Note that Ps is different from Ps,
we have only one primal variable x, other than {x;}c[». But
we can transform it to the shape of Ps.

In this case, we introduce the auxiliary variables z and
{x:}icm)> and they satisfy

z=x;,Vi€ [m]. (152)



ADMM-GNC

Then Ps can be transformed into Px:

: min x;) (153)
{xi}icim)»# lz;f

s.t. hi(x;) <0,Vie [m], (154)

Az—-Tx =V, (155)

where (155) is to guarantee that (152) holds and it has the
shape:

I I 0 0 X 0

I 0 I 0 ! 0
X

1 0 0 1 x 0

A 0 0 0 m b

By solving P., we solve Ps with z = x; = x.



ADMM-GNC

We can further introduce H;(x;) = max{h;(x),0},Vi € [m].

Then we get P, :

{xi}ie[m],l

P, min Zfl(xl)
i=1

s.t. Hi(x;) =0,Vi€ [m],
Az-Tx=V.

For P, , the augmented Lagrangian function is:

(157)

(158)
(159)

m m m pi
L{pi}iﬂ(x/? z,7, /\) - Zﬁ(xl) + Z fViHi<xi) + Z EH12<xl)
i=1 i=1

i=1

+(\Az—TI'x —b) + gHA’z —I'x' = V|7,

where 7 = {’Yi}ie[m]-



ADMM-GNC

We then have the following iterations:

()" = argmin Ly, 5(x', 25,95, A9),

21— argmin L{pi}hg((xl)kﬂ, z, ’Yka )\k)7

v =+ pHi () Vi€ [m],
)\k—l—l — )\k + 6(A/Zk+1 o I/(x/)k—i—l . b/>

(160)
(161)

(162)
(163)

Wherein, (160) can be solved by solving each x; in parallel. We

name this method ADMM-GNC (ADMM for General
Nonlinear Convex problems). This method is actually an
extension of ADMM-SPU.



Conclusion

» The nonlinear convex optimization problems are
transformed to the linear ones when solving them. The
technique is introducing auxiliary variables or functions.

» For a speicial case of nonlinear convex problems, i.e., Py,
which has two nonlinear constraints hy(x) < 0 and
po(y) < 0, ADMM-NC solves it by introducing
h(x) = max{0, hy(x)} and p(y) = max{0, py(y)}-

» For the general nonconvex problems Ps, we use two
transformations, which introduces both slack variables
and auxiliary functions. Then, ADMM-GNC is proposed,
which is an extension of ADMM-SPU.



Outline

IV ADMM for Nonconvex Optimization
LADMM-MB and PADMM-EA



Linear Nonconvex Problems

In the following, we firstly introduce the ADMMs for linear
nonconvex problems, since nonlinear problems can be easily
transformed to linear ones.

We consider the following multi-block problem Pg:

Ps - min Zf x)+ gly (164)

{xi} i€[m]»Y

ZAix,- + By =b, (165)
i=1
where x; € R% y € RY A, € R™% B e R™%, and b € R".

Similarly, we define x = (x, ..., m) c Rxid,
A=A, .., A, € R*Xid,



Multi-Block Bregman ADMM
‘Ps satisfies the following constraint:
Assumption V-1
Vi € [m], f; are lower semicontinuous and g is L-smooth.

Note that all f’s and g could be nonconvex. Since f;’s amd g
could be nonconvex, the vanilla ADMM is not suitable for P;
because the subproblems of x; of y are difficult to solve. Let’s
try Bregman ADMM, specifically, LADMM-2, for solving it.

The multi-block Bregman ADMM has the following iterations:
xF! = argmin (fi(xi) + (AF, Ax)
B
+ = D AT+ A+ > A+ ByF — b|J°
j<i j>i

+ Dy, (x;, xf)) (for each i € [m| in turn)  (166)



LADMM-MB

The multi-block Bregman ADMM has the following iterations
(cont’d):

yE* = argmin (g(y) + (A", By)
y

/6 m
+ 1Y At By — blE+ Dy (.39), (167)

i=1
N =\ B(Y " AT 4 By — b). (168)
i=1

In (166) and (167), {Dy, }i—o.1....m are Bregman distances. We
call (166), (167), (168) LADMM-MB (Linearized ADMM for
Multi-Block problems) [2018-2020].



LADMM-MB

Similar to (90), we consider the following ¢,:

L+ || B|?
2

Go(y) =

then the y-update reduces to

o= By — g0, (169)

y*! = argmin (W‘, By) + (Vg(y"), )
y

+ [5‘(BT(Akarl + Byk —b),y)
L+B B||?
i Lt [ || ” || kHz>

1
¢ V,Ls(x, 9, A6

=Y T LI AEP (170)

’y:y"7

where Lg is the augmented Lagrangian function of Ps.



LADMM-MB

Now let’s assume all {¢;}i—1,

12(L*42L3
Li-smooth with p > (Tﬁ)

.m are p-strongly convex and

From (166), we have: Vi € [m],

Lﬂ(lezl’ ]>l’y /\k)+D (x; X )<L6( ]k<+ll’ j>l7y )‘k)
(171)

With (14), we then have

p
Dk = w1 < Lo i ¥ N = L2 x5 3 05,
(172)

Summing over i = 1, ..., m, we have

p
EkaJrl - kaZ < Lﬁ(xk7yk7 )‘k) - L5<xk+17yk7 )‘k) (173)



LADMM-MB
Similarly, from (167), we have

p
Pyt — WP < Lo, 4 ) = Ly, 4 0. (179

From (168), we have

1

_B“/\k—H . /\kHZ — Lg(xk+1,yk+1, )\k) ( k+17yk+1’ )\k—i-l).
(175)

Summing up the three results, we have

Pkt _ ke o Py ke _ Lk ke
2 e 2y g A X
< Ly(x®, 5, AF) = L(FT, yM0 A5, (176)



LADMM-MB

On the other hand, from the optimality condition of the y
update, we have
0 — Vg(yk+1) _'_ BT>\k + 5BT(Axk+1 + Byk+1 _ b)
+ Vo (y) — Vo (y¥)
= Vg(y"™) + BIA 4 Vo () — Voo (3. (177)
Now, we further assume that the surjectiveness of B holds, i.e.,
there exists o > 0 such that ||[B"A|| > o||A|| for all \. It means
that B needs to be fully rank. Then we have
O_2||>\k+1 . )\k||2 S HBT(}\k—H . )\k)Hz
= [[Ve(y*™") = Va(y") + Voo (y*"!) = Vo (")
— (Voo(y*) = Vo (¥ )| (178)



LADMM-MB

The RHS of (178) further satisfies

RHS < 3| Vg(y**!) = Vg(y")II* +3[Véo () = Vo (1) |I?
+3[Voo(y*) = Vo (y" )2
< 3(L7 A+ LYy = ¥ 17 + 3LElly* = v, (179)

where we use the definition of smooth functions. Combing
(176) and (179), we have

Pyok+1 k2 | Pk kg2 l/\k+1_)\kz
2l = 22+ £ — 4 4 2 u

6(L* + L2 _
L) —yk1\2+02—°||yk—yk e (s



LADMM-MB
Defining
k. e kb 050k ki

we have

P k+1 _ _kpj2 (/_)_6L2+12L(2)> k+1 k2
e (e < TP
1
_||)\k+1 _ )\k”z < dF — prt1. (182)

B

If we further assume that {x*, y*, \*} are bounded and
>, fi(xi) + g(y) is bounded below, we know that ®F is lower
bounded by some ®*.

+



LADMM-MB

Summing the above inequality over k = 0, ..., K, we have

6L% + 122
min {ngkJrl o kaZ + (B . + 0> Hyk+1 . kaz

k<K 2 o?p
1 O — p*
+—H)\k+1 o )\k”z} S - =
3 K+1

(183)

The result means that LADMM-MB needs O(1/¢?) iterations
to find (x*t1, yk+1 \F+1) such that

[ =X <, [P =<6 NN <e
(184)



LADMM-MB
From (177) we have
V(") + B = [V (y") — Vo (3]
< Lo[ly*! = ¥l < O(e). (185)
Further, from the update of A we have
1
B

Eurther, from the optimality of x;, we have that there exists
V£i(xF1) € 0fi(xF™) such that

Vi) + AT [Ak + B(Zijf*l + Zij}‘ + By — b)}
i<i

HAxk+1 +Byk+1 . bH — H)\k+1 . )‘k” < O(E) (186)

Jj>i

V() — Vo) = o. (187)



LADMM-MB

Therefore we have
IVAGT) + AT < [[Vi(x ™) = V()|
8]l (D A = 5 + B =) | < 0e). asy)
j>i
The above analysis shows that, under some conditions,

LADMM-MB needs O(3) iterations to find an e-approximate
KKT point. The result is formally presented in Theorem IV-1.



LADMM-MB

The following proof was refined in 2020.

Theorem IV-1 (Convergence Rate of LADMM-MB)

Assume that Assumption IV-1 and the surjectiveness of B holds
(there exists © > 0 such that ||BT\|| > o||\|| for all ), it means
that B needs to be fully rank), and ¢; is p-strongly convex and
L;-smooth with

2 2
ps P2 o (189)
o’
Suppose that the sequence {(x*, y*, \*)}, is bounded and
Yo filxi) 4+ g(y) is bounded below with bounded (x, y). Then
LADMM-MB needs O(%;) iterations to find an e-approximate
KKT point (x*t1, yk+1 \k1),



LADMM-MB

Theorem V-1 (cont’d) (Convergence Rate of LADMM-MB)

Namely,
H 3 Akt 4 Byt - bH < O(e), (190)
i=1
IVg(y*) + BINH < O(e), (191)
dist( — AT 9fi(xF)) < O(e), Vi € [m). (192)

In this theorem, we assume that the objectives are proper and
lower semicontinuous such that the subdifferential is well
defined (Otherwise (171) may not hold). We assume that the
objective is coercive over the entire space.



LADMM-MB

In the proof of Theorem 1V-1, a crucial step is to bound the
dual variables by the primal ones, i.e., (178) and (179):

GUN = O < 312+ L)y — yHE + 3Ly — <,
which is established via the surjectiveness assumption:
IBTAl| > o ||All, VA (193)
Nevertheless, we can replace it by a weaker assumption:
Im(A;) C Im(B),Vi € [m]. (194)
In this case, we have

NHL_AF = B(Ax**! + By — b) € Im(B). (195)



LADMM-MB

Suppose that the SVD of Bis B= UL V. Then we may write
Mt — ANk = Uq for some . Further we have

|BT (A — X9 = [[VEUTU|)? = [[Salp
> A+ (BBT)[Jall” = A (BBT) [N = X, (196)

where A, (BB") is the smallest strictly positive eigenvalue of
BB'. Then we get (193). In other words, with a weaker
assumption Im(A;) C Im(B), we can still get the intermediate
results (178) and (179). In this case, we do not require B to be
fully rank any more.

Besides, it’s easy to check that when the problem P, has only
one block, the new assumption can be removed because (194)
always holds.



The Vanilla ADMM for Ps

LADMM-MB is actually an application of Bregman ADMM.
What if we remove the Bregman distance from the
subproblems (166) and (167)? In this case LADMM-MB
reduces to the vanilla ADMM. If we want the vanilla ADMM
works fine for solving Ps, we need to further assume that

1. Vi € [m], the smallest eigenvalue of A!A; is positive, and
2. [ should be chosen large enough

such that Lg(x, y, A) is u-strongly convex w.r.t. x; (assume that
fi is smooth if necessary). Then for the first step, we have

12
Lﬁ‘(x]k;rll? ]>17y )\k) (x1k<+117 ]>17y >\) szkJrl_ kHZ

and the proof can continue.



LADMM-MB

Recall that LADMM-MB is O(1/€*) when solving Ps under
the condition that

1. Assumption I1V-1 holds, and

2. the surjectiveness of B holds (or
Im(A;) C Im(B),Vi € [m)).

If we let LADMM-MB works under the following new
assumption:

Assumption V-2

All f;’s and g are L-smooth.

In other words, we have more assumptions on the functions f;
and g, other than A; and B. Then the O(1/€*)-complexity can
still be achieved. The proof details is omitted.



PADMM-EA

In the y-update of LADMM-MB (formula (170)), the Bregman
distance essentially results in adding a proximal term, i.e.,

g k|2 . . .
Zly — ¥*||%, to the augmented Lagrangian function. What if
we use another proximal term?

In the following, we introduce PADMM-EA (Proximal ADMM
with Exponential Averaging) [SIAM, 2020], which uses
%lHy — zF||? instead, in which z* is an exponential averaging of



PADMM-EA

Now we consider a more general form of Ps, which is named

as P

Py min f(x, ..., Xpm) (197)
{xi}iG[m]
st. Y Ax;=Db, (198)
i=1

with a non-separable objective. Equally, denote

x=(xl,..,xD)T, A=][A .. A,

199 %m

Define the following proximal augmented Lagrangian function

Plx,2,A) = £(x) + (0 Ax — b) + 2l ax — bl + £ x — 2
(199)



PADMM-EA
PADMM-EA consists of the following iterations:

forj € [m] in turn:

xJk—H = xjk - alvij({xf“}lSiSj_l, %5, {x }ivi<icm, 25 /\k>7
(200)
ML= \F o, (AxFT! — b), (201)
2 = 25 4 ay (X — 29, (202)

From (202) we have
k
2 = 20@(1 — ) T (1 — ) (203)
t=0

In every iteration k, we do not want x*! to deviate too much

from zk.



PADMM-EA

When f is L-smooth w.r.t. x, if we choose o, ay, and o
appropriately and letting p > L, then PADMM-EA is of O(1/¢?)
complexity.

The proof is complicate but similar to the proof of Theorem
IV-1. The key idea is still to prove that

min {||karl — x| |25 = 2
k=0,1,....K
4[| Ax(2F, AF) — b||} < O(e), (204)

where x(z*, \F) = argmin_ P(x, z&, \).

| may update the proof details in future :-).



Conclusion

Time to make a conclusion.

» Our study on nonconvex optimization problems is started
from the multi-block form P, in which all f’s and g can
be nonconvex. However, to guarantee the convergence,
we have a global assumption — All these functions are
lower-semicontinuous and g is L-smooth.

» We firstly show LADMM-MB, which is a variant of
Bregman ADMM. Then, we use a lot of space to show that

under the global assumption, the strongly convexity and
smooth property on the Bregman distance functions, and

» the surjectiveness of B, or
» Im(A;) C Im(B), Vi€ [m],

LADMM-MB can achieve a O(1/¢?) rate.
» If all f’s and g are L-smooth, then without the

assumption of the surjectiveness of B (or Im(A;) C Im(B),
Vi € [m]), LADMM-MB can still achieve a O(1/¢?) rate.



Conclusion (Cont’d)

» The reason we use Bregman ADMM to solve P, rather
than the vanilla ADMM, is that, the objective is
nonconvex, and thus the subproblems are difficult to
solve. However, if

1. The smallest eigenvalue of AT A; is positive, and
2. fis chosen large enough such that Lg(x, y, A) is u-strongly
convex w.r.t. x,

then the vanilla ADMM can also achieve a O(1/¢?) rate.

» We then introduce a recently developed method, called
PADMM-EA. It adopts both proximal method and moving
average to solve the nonconvex problems. PADMM-EA
can achieve a O(1/¢?) rate.



Outline

V ADMM for Stochastic Optimization
SADMM, SVRG-ADMM, and SADMM-MA
SADMM-NC and SPIDER-ADMM



Stochastic Problems

We consider the following linearly constrained two-block
optimization problem Pk:

P i minfi(x) + fo(x) (205)
S. t.7 Aix; + Ayxy, = b, (206)

where f(x;) has the following structure:
filx) i= Be[F(xi; €], (207)

where F(x;; €) is a stochastic component indexed by a random
variable &. fi(x;) can also have the following structure:

n

filxr) == %ZFi(xi)- (208)

We name Ps with (207) P}, and Ps with (208) P; . For example,
fi(x) is a training loss on data and f,(x;) is a regularizer.



SADMM

We firstly consider Pg. In each iteration, we independently
sample a stochastic index § and compute the stochastic gradient
VF(x;;€). We also denote VF(xy; &) by Vfi(x;) for
simplification.

Now we introduce SADMM (Stochastic ADMM) [ICML,
2013]. It is built on the following approximated augmented
Lagrangian function LE:

LE (e, %2, A) o= i) + (VAia), 6 — x1) +i(x)

~
linearization of fi

I6; S k2
ZA Agxy — b+ —\ — .
+2|| 1x1 + Agxy +ﬂ I +277k+1|\x1 x|

J/

(209)

Vv
the proximal term



SADMM
SADMM works as follows.

= argmin L (x;, x5, A, (210)
x§+1 = argmin ig(xf—i_l, x27 )\k)7 ) (21 1)
AL = Ak 1 B(ART 4 Akt — ). (212)

Although not easy, we can prove that SADMM can only
achieve O(1/v/K) rate. Compared with the O(1/K)-rate of
ADMM for P;, SADMM is much slower. The result is shown
in the following theorem.

Theorem V-1 (O(1/+/K) rate of SADMM)

Suppose that fi is ji-strongly convex and L-smooth, and f; is
convex. Assume that the variance of f’s gradient is uniformly
bounded by o?, i.e.,

E[|VE(a:6) - VA <o’ vx.  @13)



SADMM

Theorem V-1 (cont’d) (O(1/+/K) rate of SADMM)
Define D; = ||x! = ||Agxd — Ayx]|.
For the generally convex case, i.e., |t = 0, set the stepsize

- 1
e = Svko /Dy

1 & 1 &
K k +K _ k
X = Xy, and x, = NiXy s

K K
2kt T 2kt T

then for any p > 0 and sufficiently large K, we have

Elfi(x)] + E[(%)] — Ai(x") = fi(x") + pE[AF + A%, — b
2D1010gK o D 0 [Dz
= TR \/—[ 28(2LDy + o) 2(2LD1+0)]'
(214)




SADMM

Theorem V-1 (cont’d) (O(1/y/K) rate of SADMM)
For the strongly convex case, i.e., |1 > 0, set the stepsize

then for any p > 0, we have

Efi(3)] + Elf(x)] — A(x7) — fi(x") + pE[Aix] + Asx, — b]

oc*(logK+1) 1/ ., p* PD
<—= 24 (LD*+ = —)
- uk +K( 1+25+ 2

(215)



SVRG-ADMM

SADMM is criticized for its O(1/+/K) rate. Nevertheless, it
can be accelerated by the variance reduction (VR) technique.
VR is to frequently pre-store a snapshot vector and to control the
variance via the snapshot vector and the latest iterate.

Specifically, we consider the following iterations to solve P :

xtft = avgmin ( (Vfi(x) 0 = 2+ fi()

X1

~
linearization of fi (x1)

+ <5(A1x§1 + Agxifz —b) + N5 Ay (g — xifl))

(&

-~
linearization of the aug. term, constant removed

1 k 2)
— — 216
+ 2771||x1 xs,lH ( )
—_———

the proximal term



SVRG-ADMM

We consider the following iterations (cont’d):

xs’f;l = argmin <fz(x2)

+ (B(Alxskjl + Azxs]fz —b) + \F Ay(xy — x§2)>
1 k 2)
o _ 217
ol = ). @1)
AT = M4 B(AT + ApxlSt = b), (218)

where

1 d 1
= —— an = -
M= oL BlAr ™ T BllAP



SVRG-ADMM

The algorithm is presented below:

1. Initialize xgm xgyz, Ao, and X1 < x&l
2. Set epoch length m and stepsize 1)
3. fors=0,...,.S—1do
3.1 fork=0,....m—1do
3.1.1 Randomly sample iy s from [n]
3.1.2 Estimate the gradient at the sample i :

Vfi(xt)) = VF (x,) = VE, (%) zwxﬂ

(219)

3.1.3 Update x'{" by (216)
3.1.4 Update xf‘z“ by (217)
3.1.5 Update /\k+1 by (218)

3.2 Update: 5Cs+1,i - — Zk 1 s i s+1 .

xgp 1 =1,2, and
A =ar
S N



SVRG-ADMM

The algorithm above is called SVRG-ADMM [NeurlPS, 2013;
[JCAL 2016]. The main step to reduce the variance is (219),
where X, ; is the snapshot vector.

Theorem V-2 (O(1/S) rate of SVRG-ADMM)

Suppose that F; is convex and L-smooth for i € [n] and f; is
convex. Then SVRG-ADMM is eable to achieve O(5) rate.

The result shows that SVRG-ADMM is able to achieve linear
convergence rate. The proof details are omitted here.



SADMM-MA

Either SADMM or SVRG-ADMM are transformed to act like a
determinisitc algorithm through sampling. It’s interesting to
fuse them with Momentum Acceleration.

Momentum Acceleration works as follows — the move
stepsize of x is not only determined by current (sub)gradient,
but also whether the gradients in the past iterations are
consistent in each dimension. More details about this can be
found here.


https://hliangzhao.cn/articles/000001629787956b3a0b0bb91bb47f5b69130ab27a647cc000

SADMM-MA

Specifically, we consider the following problem, which is a
variant of Pj:

"

Py min (hl(xl) + fi(x1) + ha(xz) ZFZ, Xy ) (220)

X1,X2

S.L. A1x1 + A2x2 = b, (22])

where fi(x;) and F;;(x;) with i € [n] are convex and
L;-smooth and L,-smooth, respectively, and h;(x;) and hy(x;)
are also convex and their proximal mappings can be solved
efficiently. We define

1 n
g ; Zl Fz’i(X2),

Fi(x) = hi(x) +ﬁ(x1),72Exz) = hy(x2) + fo(x2),
x=(x,x)", A= [A, A, and J(x) = Fi(x1) + Fo(2).



SADMM-MA
We then consider the following iterations:

xt = argmin ( () + (VAL )
x1 M ——
® ®

+ <9£(A1Y§1 + AZJ’SZ —b) + A§>A1x1>

1,s
N

©
L+ 5 A
+ (w9, (222)

-~

&

where ¢, ; will be used in momentum, and yf’l is the
extrapolation term of x;, which will be introduced later. © is
the linearization of f; at yifl (constant removed). ® is the
linearization of the augmented term

§\|A1x1 + Ayx, — b+ %)\HZ (constant removed).



SADMM-MA

(222) is similar to (91). Besides, ® + ® is the proximal
mapping of h; at yf’l. For the update of x;, we have:

<41 = argmin (hz<x2> VAGL). )

X2

+ <06 (A + Ay, — b) + AL, Avxy)
1,s
(14 )L+ 5 H Ayl
+| : [l —38lF). e

where 0, where be used in momentum, and yifz is the
extrapolation term of x;, and

~ 1 B _
Vh(yE,) = - > (VEu, (05) = VR, (%2) + V(%))
ik,SEIk,S

in which w is the mini-batch size of indices sampled, which
will be introduced later.



SADMM-MA

Similar to SVRG-ADMM, this new method has two loops. We

firstly demonstrate the inner loop:
1. fork=0,....,m—1do
1.1 Update dual variable:

B0, 7

P 7 (Alxs1 + Azx —by)
1,s

1.2 Update ka by (222)

1.3 Update ka by (223)
1.4 Update dual snapshot variable:

/\k+1 _ )\k + B(Alxk+1 +A2Xk+l o b)
1.5 Update the extrapolation term y**!:

Y = x4 (1= 01— 0,) (xf — xF)

(224)

(225)

(226)



SADMM-MA

We then demonstrate the outer loop:
1. Initialize x0 = 0, by = 0, X} = 0, % = xJ, 0 = x?
2. Set B, 7 =2,c=2,0,,= ﬁ,@z = T(’”Tffl)
3. fors=0,....5S—1do
3.1 Do inner loop demonstrated above
3.2 Set primal variables x{, | = x["

S
3.3 Update primal snapshot variable X 1:

m—1
= (1= g s (e 5 )

3.4 Update dual snapshot variable:
)‘(s)+1 A '+ B(1— T)(Alxsl + Aszr,nz —b) (227)
bs+1 AiXgp11 + ApXgpa 2 (228)

3.5 Update the extrapolation term:

0., .
Vi = (1= 0)x" + Ooxep1 + 13 (1 - 0,,0)x!

1,s

—(1 — 91’3 — 92)x3m_1 — 925(5] (229)



SADMM-MA

The above algorithm is called SADMM-MA [NeurlPS, 2017].
We can find that in the outer loop, it maintains several
snapshot vectors X;, b; and the extrapolation terms y°. In the
inner loop, the primal variables x* and the snapshot dual
variable ¥ are updated.

The algorithm is complicated. It is proved to have a O(1/5)
rate, which is linear. It runs faster than SVRG-ADMM since
it’s a fuse of SVRG-ADMM and the Momentum Acceleration
technique.



SADMM-NC

In the following, we study the ADMMs for nonconvex
stochastic problems. We consider P; under the following
assumption:

Assumption V-1

fi and f; are L,-smooth and L,-smooth, respectively. Moreover,
the variance of stochastic gradients for f is uniformly bounded
by %, i.e.,

Eg[HVFl(xl;f) — Vfl(xl)Hz} < 0% Vx;. (230)

Note that both f, and f, can be nonconvex.



SADMM-NC
We name the following algorithm SADMM-NC:

X =k <Vf(x1) + 6AT( x A — bt A;) )

N

the grad. of (209), proximal term removed

(231)
xFt! = argmin (fz(xz) + (AF, Ayx,)
—||Alkarl + Ayx, — b||* + Dy(x,, x2k)>, (232)
e+t — /\" + BA X+ Ay — b)), (233)
where
_ 1 > VE(xk¢) (234)

€T

is the mini-batch stochastic estimator of V£ (xF).



SPIDER-ADMM

Unfortunately, SADMM-NC can only achieve O(1/¢*) rate
under Assumption V-1 and the surjectiveness of A,. It’s very
slow.

The Stochastic Path-Integrated Differential Estimator
(SPIDER) technique [ICML, 2017, 2019; NeurlPS, 2018] is a
radical VR method that is used to track quantities using
reduced stochastic oracles. In the following, we show how to
accelerate SADMM-NC with the SPIDER technique.



SPIDER-ADMM

Now we consider a more general multi-block linearly
constrained nonconvex problem Ps:

P, : min x;) + 235
SR yzf 8y (235)
Z Ax;+ By = b, (236)

i=1
where fi(x;) = E¢,[Fi(x;; &;)] for i € [m], under the following
assumption:

Assumption V-2

g is Ly-smooth. For each i € [m], Fi(x;; &;) is Li-smooth w.r.t. x;
for all ;. Moreover, the variance of stochastic gradients of f; is
uniformly bounded by 0%, i.e.,

Ee [|IVFi(xi: &) — Vi(x)|P] <o Vie [m]. (237)



SPIDER-ADMM

We use the following iterations to solve it:

foreach i € [m] in turn: (238)
X = xk = | V()

k
+ BA?(Z AT 4 Ak 4+ By — b+ A—ﬂ (239)

J<i jzi 6
Y = argmin (g(y) + (A, By)
y
p
#5130 A + By — b + Dy(y.5)) (240)
N = N4 B0 AT + By — b). (241)

This method is called SPIDER-ADMM. It actually has the same
shape with SADMM-NC.



SPIDER-ADMM

The difference lies in that how we calculate the estimated
stochastic gradient Vf;(xF).
1. For a certian hyper-parameter g, if k is divisible by g, then

Vfi(xf) = wi Y VE(xf&), Vie[m,  (242)

1
&€y ;

where o, is the mini-batch size.

2. Otherwise,
Vi) = — 3 (VEGh€) - VEGE )
i\Aj =, i\Aj 1 Si i\ A ) Qi
&€y ;
+ Vfi(xk ), Vi e [m], (243)

where w, is the mini-batch size.



SPIDER-ADMM

Compared with SADMM, SPIDER-ADMM s able to achieve a
O(1/€’) rate under Assume V-2 and the surjectiveness of B.

It’s worth mentioning that, when f; has the form of (208),
SPIDER-ADMM can achieve a O(n + %/2) rate.

For generic nonconvex optimization, SPIDER-ADMM is more
efficient compared with the traditional VR methods, for
example, SVRG-ADMM, in the sense that the latter can only

achieve a complexity of O(min{ 5, n + %3 ).



Conclusion

Time to make a conclusion.

» Stochastic problems are problems in which the objective
(or part of the objective) has a stochastic component.
Nearly all machine learning problems are stochastic
problems.

» We firstly introduce SADMM, which is built on an
approximated augmented Lagrangian function. Even
under strong assumptions, SADMM can only achieve
O(1/VK) rate.

» Then we introduce SVRG-ADMM, which is accelerated by
the variance reduction (VR) technique. VR is to frequently
pre-store a snapshot vector and to control the variance via
the snapshot vector and the latest iterate. SVRG-ADMM
can achieve O(1/S) rate, which is much faster.



Conclusion (Cont’d)

» We further demonstrate SADMM-MA, which is a
combination of SADMM and the Momentum technique.
SVRG-ADMM can achieve O(1/S) rate, and it’s faster
than SVRG-ADMM.

» SADMM, SVRG-ADMM, and SADMM-MA are good for
convex stochastic problems (at least the objective has a
convex part). When the problem is nonconvex, they can
only achieve O(1/¢*) rate.

> We then introduce SPIDER-ADMM, which achieves a
speed up on the above SADMMs. It’s able to achieve a
O(1/¢€) rate. Although not very fast, it is a big
improvement for stochastic nonconvex problems.



Outline

VI ADMM for Distributed Optimization (Applications)



Distributed Optimization

Consider the following problem Py in a distributed
environment:

Py : min f(x) = Z fi(x), (244)

x€R4

where m agents form a connected and undirected network
and the local function f; is only accessible by agent i due to
the storage or privacy reasons. In Py, the agents work
collaboratively without revealing their own information to
each other. We consider two possible scenarios:

» Centralized: There is a centralized master agent and m
worker agents. Each worker agent is connected to the
master agent

» Decentralized: No centralized agent. Each agent only
communicates with its neighbors



Centralized Distributed Optimization

In the centralized network, Py can be reformulated as Pj:

P : min Zﬁ(xl) (245)
{xt}ie[m] z —1
st. x;=z, i€ [m)]. (246)

P;, is obviously solvable by the vanilla ADMM.

The augmented Lagrangian function is:

L(x,z,\) = Z <ﬁ(x,~) + (Myxi —z) + §||xi — z||2). (247)

i



CADMM

We have the following iterations:

A argmlnz ( (N xF — 2) nglk — sz)

- Z (xl. n BA{?), (248)

xF = argmin (f,-(xi) + (A5 — 2+ g”xi - ZkHHz)

1
= prox, ., (z"+1 — EA?), i€ [m], (249)
N =N+ B =), e (m)], (250)

where prox,,(z) := argmin, {f(x) + =z — x||*} is the
formal definition of the proximal operator.



CADMM

The iterations above are carried by different characters.
Specifically, for the master:
1. fork=0,1,2,...do
1.1 Wait until receiving x¥ and \¥ from all the workers
1.2 Update z¥t by (248)
1.3 Send z¥'! to all the workers
For each worker i:
1. Initialize x?, \?
2. fork=0,1,2,...do
2.1 Send xF and \¥ to the master

2.2 Wait until receiving z+1 from the master
2.3 Update xik+1 and /\f+1 by (249) and (250), respectively

We name them CADMM-M and CADMM-W, respectively
(Centralized ADMM for the master/worker). From Sec. Il,
CADMM is able to achieve a linear rate when each f; is
p-strongly convex and L-smooth.



CLADMM

Obviously, LADMMs can also be applied to P;,, especially
when each f; is L-smooth and the proximal operator in (249) is
not easily computable. By adding the Bregman distance with

6ix) = 5l — fitx) (25)
on (249), we have:
x T = argmin (fi(x;) + (Y, 5 — 271) + ngi — ZF|2
+ Dy, (x;, x5))
= axgmin (Vf(x), %~ xf) + 7 |lx — <

+ <)\;Caxi o Zk+1> + g”xt _ Zk+1||2)

m(fo + B = Vfi(xF) = Af), i€ [m]. (252)



Acc-CLADMM

Replacing (249) by (252) while keeping the left unchanged, we
get CLADMM-M and CLADMM-W. Similarly, CLADMM is
able to achieve a linear rate when each f; is p-strongly convex
and L-smooth.

Now we consider the Accelerated ADMMs. Specifically, let’s
extend Acc-LADMM-3 to solve P;, — We linearize f; at the
auxiliary variable w¥ in the x; update step:

wf = 0xF + (1 - 0)xF, (253)

0
1 < angnin 3 (O 2 =)+ 1t )

= Z (x] +—Ak (254)



Acc-CLADMM

We linearize f; at the auxiliary variable w¥ in the x; update
step (cont’d):

X! = argmin ((Vﬁ(wf),xi — x5+ (K x = 2

Xi

+ BG(xik — 2 ;)

0 0
30 e e et )
- 1 0 k k+1
_a+ﬂ{uw + Zxk — [VA() + A+ B0 (x z+)]},

(

ZRHL — gkt (1 g)gk (
L= O (1 - 0)&F (257)

(

17

A= X B0 — ),



Acc-CLADMM

We use the following procedures to consume the above
iterations — For the master, we have:
1. Initialize 2°
2. fork=0,1,2,...do
2.1 Wait until receiving x* and \¥ from all the workers
2.2 Update z*t' and Z¥t1 by (254) and (256), respectively
2.3 Send zFt! to all the workers
For each worker i:
1. Initialize x?, \?, x?
2. fork=0,1,2,...do
2.1 Send xF and \¥ to the master
2.2 Wait until receiving zt! from the master
2.3 Update x**' %K1 XM and wht by (255), (257), (258), and
(253), respectively
They are called Acc-CLADMM-M and Acc-CLADMM-V,

respectively.



Acc-CLADMM

Unsurprisingly, AcccCLADMM is able to achieve a linear rate
when each f; is p-strongly convex and L-smooth. The
comparisons between the introduced methods for P;:

METHOD ‘ RATE

CADMM O(ﬁlog 1)
CLADMM O(:log ;)
Acc-CLADMM O(\/%log 1)

We can find that, CLADMM is slower than CADMM, as it is
the cost of linearization. However, Acc-CLADMM is able to
remedy that, and it has the same rate as CADMM.



Decentralized Distributed Optimization

Now we study how to solve P, in a decentralized network.

Formally, we denote the set of edges by £ (recall that the
network is undirected), and it it defined as follows — Assume
that all nodes are ordered from 1 to m. For any two nodes i and
J, if i and j are directly connected in the network and i < j, we
say (i,j) € E. To simplify the presentation, we order the edges
from 1 to |£].

For each node i, we denote V; as its neighborhood:
Ni={jl(ij) € Eor(j,i) € E}, (259)

and d; = |V} as its degree.



Decentralized Distributed Optimization

With the above preliminaries, we can rewrite P;, as the
following P},

P min fi(x:) (260)
10 {xi}ierm{zitjee ; :

st xi =z, x =z, (i,j) €& (261)

In this case, the augmented Lagrangian function is
L(x,z, \) fo,—l—Z()\,],xl zi) + (i, X — zy)

5
+5|rxz-—zi,~||2+5||xj—z,~jr|2). (262)



DADMM
We try to use the vanilla ADMM to solve it.

X! = argmin [fl(x,) + Z <<)\5,xi — zf‘> —||xl -z || )

Xi

J(ij)€E
b (O + Sl 217, (26)
J:U0)€E
zfj“ = argmin < — <)\§ + ’yij, Zij)
zij
v §||xf+l R R e
2ﬁ<)‘k +5) + %(xf“ +x 11, (264)
)\kJrl — )\k _'_B( k+1 k+1)’ (265)

%’,‘“ =75+ B(xT = 2. (266)



DADMM

How to consume the above iterations? Here we have a
problem — Who is responsible for updating \;, v;;, and z;;
associated with each edge (i,j)? A naive solution is, node i is
responsible to update the edges in the set

N = A{(J) [if (i,)) € £}

In this figure, node 1 is responsible for updating the variables
on (1,2) and (1, 3); Node 2 is responsible for updating the
variables on (2, 3); Node 3 does not have work to do.



DADMM
Then we can directly design the following procedures to
consume the above iterations — For each node i:
1. Initialize x?, {)\%}jej\f{a {’Yg'}jeN/’ and {Zg‘}jef\//
2. Send x] to each neighbor j € Ni; Send {~{}jen and {z}}jenr to each
neighbor j € ./\/',\./\/1/
3. Wait until receiving {x] }jc x;, from each neighbor j € N; Wait until
receiving §, and z; from each neighbor j € N\ N{
4. fork=0,1,2,...do
4.1 Update x' by (263) {7k 25} ennw are from the outside)
4.2 Send xF* to each neighbor j € N/;
4.3 Wait until receiving {x}‘“}je/\@ from each neighbor j € N
4.4 for eachj € N/ do
4.4.1 Update z;™ by (264)
4.4.2 Update N by (265)
4.4.3 Update ™" by (266)
4.5 Send {’yffrl}j@\// and {zf}“}je]\// to each neighbor j € N;\N/!
4.6 Wait until receiving W{;H, and z!}“ from each neighbor j € N;\N/



DADMM-S

We call the above procedure DADMM. It’s too complicated,
and each node has unequal amount of work. Nevertheless,
without any additional information, we can simplify it by
eliminating {z;, Ay, 7 }-

Summing (265) and (266) and using (264), we have
k+1 k+1 __
Ayt =0,Yk > 0.

Initializing /\g- = fyg. = 0, we have

ko ok _
A+ 9k =0,Vk > 0. (267)
Plugging it into (264), we have
1
7 = 5(x{<+1 +x1),Vk > 0. (268)

. . . o . . 0 _ 1 0 0
Similarly, we may initialize zj; = 7 (x] + x7).



DADMM-S
From (268) and (265), we have

B

A=k E(xl.kH — xf). (269)
So we have
k+1 1
A = Z 5(x; — x!). (270)
=1
Similarly, we can get
k1
k
%’j—H :ﬁZE(th_x’t) (271)
t=1

Note that we only define \;, v;;, and z; for i < j. Now we
define

>\ij = i and Zij = Zjj, > ] (272)



DADMM-S

Then (268), (270), and (271) hold for both i < jand i > j. In
this case, we can simplify (263) to

X! = argmin [fi(xi) + Z <<>\§ - Bzf‘j, x;) + g“xl”z)

Xi j(i)eE

+ 32 (k- ek + Sl

J(lJ)EE

= argmin (%) + Z ﬁz,ﬁ x;) g!lxz\lzﬂ

Xi JEN;

(0
= argmin ﬁ(xz) + Z <<)‘§ - ﬁzl]; + 5xik7 x;) + —Hx, N ka ﬂ
5+

i ) JEN;

(x = xk), %) + sz—ka )|

(273)

= argmin (%) + Z
Xi JEN;



DADMM-S

We denote the Laplacian matrix of the network as L € R™*™
and D as the diagonal degree matrix with D; = d;. We have

1
0<a'La= 3 Z (i — a;)* < Z (o +a?) = 20 Da,
(i.j)e€ (ij)e€

i.e., 0 < L < 2D. Define

T
X1
X=|: ) eR™,F(X)=> filx), (274)
x! i
v
vi=)Y Ajpand Y= | : | eR™ (275)

ieN; T
JEN; vm



DADMM-S

Then we have

LIX = dx/ —Zx Vi € [m], (276)

JEN;

where L; is the i-th column of L. The result can be obtained
easily because d; is the coefficient of the diagonal element and
—1 is the coefficient of x;;, i # j, if there is an edge between i
and j. Based on this, (273) can be simplified as

X1 = argmin [fl(x,) + <Z Lyx; >

i JEN;

s
il — =]

5
= PIoXgg) 15 (xlk Z Lljx ) (277)

jeN



DADMM-S
Summing (269) over j € N;, we have

Vit = oF 4 g ZL,,-xf“, ic[ml. (278)
jeN:

Then based on (277) and (278), we have the following
algorithm, named DADMM-S (DADMM, Simplified) — For

each node i:
1. Initialize x? and v{ as 0
2. Send x! to its neighbors
3. Wait until receiving xJQ from all its neighbors
4. fork=0,1,2,...do
4.1 Update xikle by (277)
4.2 Send x¥1 to its neighbors
4.3 Wait until receiving x]Hl from all its neighbors
4.4 Update fo by (278)
DADMM-S is much simpler than DADMM by greatly
reducing the communication overheads.



DADMM-S

Now let’s discuss one more interesting thing. (277) and (278)
can be written in a compact form:

k1 arg}r{nin (f(X) + <Tk + gLXk,X) + §||\/5(X - Xk)”Z),

(279)
T =TF 4 5 LX*, (280)
Denoting W = \/L_/Z, (280) can be rewritten as
TR = 1k 4 gwrxkrL, (281)
Letting T° € span(W?), we know that
T* € span(W?), Yk > 0 (282)

and there exists Qf such that Y% = WQF.



DADMM-S
Then, (279) and (280) can be rewritten as
X1 = argmin (f(X) + (O, WX) + B(W2XE, X)
X
+ 2B - xhP)

— argmin (£(X) + (2%, WX) + §||wx||2 + Dy (X, X)),
X
(283)
Qk+1 — Qk + ﬁWkJrl, (284)

with

w(x) = 2 VDX - 2 WX (285)



DADMM-S

Thus, DADMM-S is exactly using LADMM to solve

H&inf(X), s.t. WX =0. (286)

Under the assumption that each f; is p-storngly convex and
Lg-smooth DADMM-S is able to achieve a linear convergence
rate, more specifically, O((4/ % + d;"—f‘) log 1), where

dmax = max{d;}, and oy is the smallest positive eigenvalue of
the Laplacian matrix L.



DLADMM

In the following, we also assume that each f; is pi-storngly
convex and Lg-smooth. (263) (or (277)) is actually a proximal
mapping of f;. As what we have done in Sec. Il, when the
proximal mapping of f; is not easily computable, we can
linearize f;, which leads to the following iteration:

L
1 — argmin [(Vﬁ(xik), xi = xf) + [l — =)

~
approximated linearization of f;

g
+ 30 (=2 + Sl - 21?)

+ Y <<’yﬁ,xi—zﬁ>+—Hxl-—zﬁHzﬂ. (287)



DLADMM

Similarly, (287) can be transformed into

<t = argmin [<Vf( 5% — xE) + f||x, — x|

1 1

+Z( (x = ), ) + O 58P

]EM

:xik_Lf+1/Bd{ )21 x—xf)}}.

JEN:
(288)




DLADMM

We can also write (288) into a compact form:
XM = X% — (LI + BD) 1 (BWAXF + V(XY + wQb),

where [ is the identity matrix. We call (288) and (278)
DLADMM (Decentralized Linearized ADMM).

Similar to DADMM-S, DLADMM is also a speicial case of
LADMM, but with a different Bregman distance:

#(X) = TIXIP — F00) 42 VDX~ Dl @s9)
—_—

the added term



DLADMM

The procedure of DLADMM is — For each node i:

1. Initialize x{ and v} as 0

2. Send x? to its neighbors

3. Wait until receiving x? from all its neighbors
4. fork=0,1,2,...do

) ) )

4.1 Update xl-k"'1 by (288)

4.2 Send x*1 to its neighbors
4.3 Wait until receiving x_f“ from all its neighbors
4.4 Update v*' by (278)

The only difference lies in step 4.1.

Under the same assumption to DADMM-S, DLADMM is also
able to achieve a linear convergence rate, but faster.

Specifically, the rate is @((% + dc’r"—f‘) log 1).



Acc-DLADMM

Without any doubt, We can also use Accelerated LADMMs to
solve Pj;. In this case we have

YF = ox* + (1 — 0)X*, (290)
1
Xk = T [qu + O xk_ (VF(YR) + Wk 4+ gaw?xh)|,
o TH @
(291)
X = x4 (1 - 0)XF, (292)
Q= QF + gox*. (293)

(291) is a direct extension from (109). We name it
Acc-DLADMM.



Acc-DLADMM

The detailed procedure of Acc-DLADMM is — For each node
i

1. Initialize x} = %) and v} = 0

2. Send x? to its neighbors

3. Wait until receiving x](-) from all its neighbors

4. fork=0,1,2,... do

4.1 Update y* by (290)

4.2 Update xl-k"'1 by (291)

4.3 Update x¥* by (292)

4.4 Send x*1 to its neighbors

4.5 Wait until receiving xf*l from all its neighbors

4.6 Update v*' by (293)

Note that the formulas mentioned above are used in their
non-compact forms.



Comparisons

Under the same assumption to DADMM-S and DLADMM,
Acc-DLADMM is able to achieve a faster rate —

O(\/—Lfd'"“" log ¢).

Ho

For solving P;,, the complexity of different algorithms are
compared below:

METHOD RATE

DADMM-S | O((y/ e - duax) Jog L)

HoL

DLADMM O((L + %) log 1)
Acc-DLADMM O(y/ 2 Jog 1)




Asynchronous Distributed Optimization

All the CADMMs and DADMMs introduced above are
executed in a synchronous manner. That is, the master needs
to wait for all the workers (each worker needs to wait for all
its neighbors) to finish their updates before it can proceed.
Thus, the system proceeds at the pace of the slowest node.

In the following, we introduce the asynchronous ADMMs to
reduce the waiting time for centralized optimization problems.
They can be easily extended to decentralized problems.



Asynchronous Centralized Distributed Optimization

In the asynchronous setting, the master does not wait for all
the workers, but proceeds as long as it receives information
from a partial set of workers instead. We denote the partial
set at iteration k as A, and A¥ as the complementary set of
AF which means the set of workers whose information does
not arrive at iteration k.

We use « to lower bound the size of A*. We require that the
master has to receive the updates from every worker at least
once in every 7 iterations. That is, we do not allow some
workers to be absent for a long time. So we make the
following bounded delay assumption.

Assumption VI-1
The maximum tolerable delay for all i and k is upper bounded.



Async-CADMM

Denote the upper bound as 7, then it must be that for every
worker i,

ie AAUATY .oy AmadkoTiLo) (294)

Similar to CADMM, we have the following iterations:

argmin, (fl(x,) + ()xf"*l, x;)
) -
X = _i_ngi _ zk,»+1H2> ic Ak (295)
xk ic Ak
N { N B = 2R ie AR

Ak ie A, (296)



Async-CADMM

We have the following iterations (cont’d):

m
k : k+1 Lk Bk
2K — argimn [Z <<>\i+1,xi Tz + E||xi+1 _ z||z>

i=1

+§Hz—z"||2] (297)

Note that z is updated with adding an additional proximal
term. In the above iterations, we denote k; as the last iteration
before iteration k for which worker i € A* arrives, i.e., i € A*.
Thus, for all workers i € A*, we have

xl-k"Jrl A xf, (298)

)\?ﬁl — )\?HFZ — . = )\i" and (299)
max{k — 7,0} < k; < k. (300)



Async-CADMM

For each i € A", we denote k; as the last iteration before

iteration k for which worker i arrives, i.e., i € Ak Under the
bounded delay assumption, we have

max{k — 7 +1,0} < k; < k. (301)

Similarly, for all workers i € A¥, we have

xRl = ohit? — = gk = (302)

ki ki k k
ARHL — \R2 o N N (303)



Async-CADMM

We also denote k; as the last iteration before ki for which

i e AN arrives, i.e., i € A%. We also have

ki+1 ki 2 _ k
xi l+ — xi l+ —

)\];‘H‘l _ )\I;i+2 — )\l~< d
max{ici — T, 0} S ki < l;fi.

Then, for all workers i € A’g, we have

xl.k+1 = xik"+1 = argmin (ﬁ(xl) + <>\§’+1, x;) + ngi —

Xi

/\f-l—l — )\{_Ci-l-l — /\ifH-l + ﬁ(xlki-l-l . Zki"rl).

(304)
(305)
(306)

P,

(307)
(308)



Async-CADMM

Based on (295), (296), and (297), for the master we have:
1. Initialize the delay counter d! = d} = ... = d! =0
2. fork=1,2,...do

2.1 Wait until receiving xF and 5\5 from workers i € A* such that
|A¥| > a and df < T — 1 holds for all j € Af

~k s k
k1 J x5 ieA
2.2 Update the local copy of x: x; 7 = { i AF
N k
2.3 Update the local copy of \: \¥' = { i% i g j{f
. 0 ie Ak
2.4 Update the delay counter: d\ ' = { Zilk 11 e Ak

2.5 Update z*t1 by (297)
2.6 Broadcast z5t! to the workers i € A



Async-CADMM

For each worker i:
1. Initialize x and 5\?
2. fork;=1,2,...do
2.1 Wait until receiving z from the master
2.2 Update 5cl-k’+1 by (295), i.e.,
1

B

5clk,+1

AP

= prox{z —
2.3 Update N by (296), i.e.,
R

2.4 Send 5cl-k"+1 and Xf”“ to the master



Async-CADMM

We name it Async-CADMM ——
» The master only updates x; and A; for i € Ak

» The delay counter is introduced, and the master has to
wait in some cases;

» The master only broadcast z¥! to the arrived workers

When each f; is convex and L-smooth, Async-CADMM is able
to converge to the set of KKT points. Specifically, when each f;
is strongly convex, Async-CADMM can achieve linear

convergence rate O(\/%log 2).

We believe that in general the asynchronous ADMM needs
more iterations than synchronous ADMM. It is unclear
whether the time saved per iteration of the asynchronous
ADMM can offset the cost of more iterations in theory,
although it shows great advantages in practice.



Async-CADMM

What if each f; in P}, can be nonconvex? In this case,
Async-CADMM can still converge to the set of KKT points.
Besides, The synchronous ADMM is a special case of the
asynchronous ADMM with A* = @ and k; + 1 = k. Thus, the
conclusion also holds for the synchronous ADMM with a
much simpler proof.

We leave the asynchronous ADMM for decentralized
distributed problems untouched in this slide.



Generally Linear Distributed Optimization

Now we consider generally linear distributed optimization
problems. The problem has the form of P, i.e.,

min Zf xi), s.t. iA,-xi = b.
i=1

{xl i€[m] i=1

Here we just study the problem in a synchronous and
centralized manner. The problem in asynchronous and
decentralized scenarios can be extended easily. We can use
LADMM-PS introduced in Sec. Il to solve it.

Specifically, for the master we have:
1. fork=0,1,2,...do
1.1 Wait until receiving y; "~ from all the workers
1.2 Update skt by: sc+1 = 3~ yF+1
1.3 Update Nkt py: \k+1 = L B(s+1 — b)
1.4 Send s**1 and \**! to all the workers

k+1



CLADMM-PS

For each worker i:
Initialize x) and \}
¥ =Aix}
Send " to the master
Wait until receiving s° and \° from the master
fork=0,1,2,...do
5.1 Update xl-k+1 by

ok W=

xF1 = argmin (ﬁ(x,) + (AF, Aix;)

i
Xi

+ B(AT(sF — b), x) + %A””ani _ foZ) (309)

5.2 Update y,Hl by yfchl = Al-xl-kJrl
5.3 Send y¥T! to the master

1
5.4 Wait until receiving x**1 and \¥*! from the master

We name it CLADMM-PS. The way it updates x*™ is the same
to (141).
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